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1. Introduction and statement of result
Let h(d) be the class number of the ﬁeld K = Q(√d), for a square free integer d. Let d = n2 + r,
d = 5, be a positive square free integer satisfying r|4n and −n < r  n. Then we call K = Q(√d) a
real quadratic ﬁeld of Richaud–Degert type. Specially if |r| ∈ {1,4}, then d is called a narrow-Richaud–
Degert type. Otherwise, it is called a wide-Richaud–Degert type.
Gauss conjectured that there are exactly nine imaginary quadratic ﬁelds with class number one.
This was proved by Heegner [7], Stark [14] and Baker [1]. Analogously, we have a problem to de-
termine all real quadratic ﬁelds of Richaud–Degert type with class number one. In [2,3], Biró found
all real quadratic ﬁelds of the form Q(
√
n2 + 1) and Q(
√
n2 + 4) with class number 1. Also, in [6]
Byeon, Kim and Lee determine all real quadratic ﬁelds of the form Q(
√
n2 − 4) with class number 1.
These completely determaine all narrow Richaud–Degert type with class number 1. Moreover, Lee [8]
classiﬁed all wide-Richaud–Degert type d ≡ 5 modulo 8 with class number 1.
Many authors [9–11] studied to classify all Richaud–Degert type with class number 2. Meanwhile,
Mollin and Williams [11] determine all real quadratic ﬁelds of Richaud–Degert type with class num-
ber 2 under the assumption of Generalized Riemann Hypothesis. A recent progress was made by
Byeon and Lee [4]. They proved that there are exactly 4 real quadratic ﬁelds Q(
√
n2 + 1) with class
number 2, where n2 + 1 is a even square free integer, without G.R.H.
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√
n2 − 1) with class number 2, where n2 − 1 is a
square free integer, without G.R.H. This classiﬁes all narrow Richaud–Degert type d ≡ 5 modulo 8 with
class number 2. The method of the proof is similar to that of [4]. The new ingredient is the skill of
computing the special values of zeta functions associated with Q(
√
n2 + 1) whose fundamental units
have the positive norm. Our main result is as follows:
Theorem 1.1. Let d = n2 − 1 be a square free integer. Then h(d) = 2 if and only if
d = 15,35,143.
Theorem 1.2. Let d be a narrow Richaud–Degert type with d ≡ 5 modulo 8. Then h(d) = 2 if and only if
d = 10,15,26,35,65,122,143,362.
2. A calculation of special values of zeta functions associated withQ(
√
n2 − 1)
Let n2 − 1 be a square free integer and K be Q(
√
n2 − 1) and O(K ) be the ring of integers in K .
Then  := n +
√
n2 − 1 is a fundamental unit for K , and {,1} is an integral basis for O(K ). And
i(K+) is a set of the principal ideals generated by an element in K+ and b · i(K+) := {b · a | a ∈ i(K+)}
for an integral ideal b in K , where K+ be a set of totally positive elements in K . We deﬁne R(b) :=
{a + b | 0 < a  1, 0  b < 1 and b · (a + b) ∈O(K )}. And N(b) is the number of the elements of
O(K )/b for an integral ideal b and we deﬁne NK (α) := α · α¯ for α ∈ K .
Lemma 2.1. An integral ideal a is in b · i(K+) if and only if
a = b · (a + b + n1 + n2)
for a + b ∈ R(b) and nonnegative integers n1 , n2 , where b is an integral ideal of K .
Proof. See Lemma 2.2 in [6] and Lemma 3.2 in [4]. 
From the facts of NK () = 1 and NK (ω) = 2− 2n < 0, we have
Lemma 2.2. If K has class number 2, then
I(K ) = (q) · i(K+)∪ (q)b · i(K+)∪ (qω) · i(K+)∪ (qω)b · i(K+),
where b = (2,ω) and ω = −n + 1+
√
n2 − 1.
Proof. See Proposition 2.2 in [4] and Lemma 2.1 in [6] 
Lemma 2.3. If (q)b · (x+ y + n1 + n2) and (qω)b · (x+ y + n1 + n2) are the integral ideals, then
N
(
(q)b · (x+ y + n1 + n2)
)= N((q)b · (x+ y2)) (mod q),
N
(
(qω)b · (x+ y + n1 + n2)
)= N((qω)b · (x+ y2)) (mod q),
for 0< x 1, 0 y < 1 and nonnegative integers n1 , n2 and b = (2,ω) and ω = −n + 1+
√
n2 − 1.
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(qω)b · (x+ y + n1 + n2)
)−s∣∣
s=0. (1)
And Shintani in [12,13], prove that
∞∑
n1,n2=0
NK (x+ y + n1 + n2)−s|s=0 = B1(x)B1(y) + 1
4
( + )(B2(x) + B2(y)), (2)
where B1(x) and B2(x) are the 1st and 2nd Bernoulli polynomials. So by deﬁning
S(x, y) := B1(x)B1(y) + 1
4
( + )(B2(x) + B2(y)).






























(qω)b · (x+ y)))S(x, y). (3)
In the following lemma, we ﬁnd the complete set of (x, y) such that x + y ∈ R((q)), R((q) · b),
R((qω) · b) and R((qω) · b), to evaluate ζK (0,χ).
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(a) x+ y ∈ R((q)) if and only if
x =
{
1, if A = 0,
A
q , if A = 0, and y =
B
q
for 0 A, B  q − 1.
(b) x+ y ∈ R((q) · b) if and only if
x =
{
1, if C = 0,
C
2q , if C = 0, and y =
D
2q
for 0 C, D  2q − 1 and C ≡ D (mod 2).
(c) x+ y ∈ R((qω)) if and only if
x = B
q
− A + qi
2q(n − 1) + σ1(i) and y =
A + qi
2q(n − 1)
for 0 A, B  q − 1 and i = 0,1,2, . . . , (2n − 3), where
σ1(i) =
{
0, if 0 i   2(n−1)B−Aq 	 − 1,
1, if  2(n−1)B−Aq 	 i  2n − 3.
(d) x+ y ∈ R((qω)b) if and only if
x = D
2q
− C + 2qi
4q(n − 1) + σ2(i) and y =
C + 2qi
4q(n − 1)
for 0 C, D  2q − 1, C ≡ 0 (mod 2) and i = 0,1,2, . . . , (2n − 3), where
σ2(i) =
{
0, if 0 i   2(n−1)D−C2q 	 − 1,
1, if  2(n−1)D−C2q 	 i  2n − 3.
Proof.
(a) Since the set {A + B | 0 A, B  q − 1} is the complete representatives of O(K )/qO(K ), for
x+ y ∈ R((q)), we have
q(x+ y) = A + B + q(i + j) (4)
with 0  A, B  q − 1 and 0 < x  1, 0  y < 1. By comparing the right- and left-hand sides, we
obtain (a).
(b) The set {C + D | 0 C, D  2q − 1} is the complete representatives of O(K )/2qO(K ). Thus if
x+ y ∈ R((q) · b), then we have
2q(x+ y) = C + D + 2q(i + j), (5)
where 0 C, D  2q − 1 and 0< x 1, 0 y < 1. It directly follows that
x =
{1, if C = 0,
C , if C = 0, and y =
D
2q
for 0 C, D  2q − 1. (6)2q









= (C + D)
2












C ≡ D (mod 2). (7)
From (6), (7), we can prove (b).
(c) The set {A + Bω | 0 A, B  q − 1} is the complete representatives of O(K )/qO(K ). Hence if
x+ y ∈ R((qω)), then we have
qω(x+ y) = A + Bω + q(i + jω) (8)
for 0 A, B  q − 1 and 0< x 1, 0 y < 1. And (8) implies that
x+ y = B + qj
q
+ A + qi
2q(1− n) +
A + qi
2q(n − 1) .
By above equation, we can induce (c), immediately.
(d) We also note that {C + Dω | 0  C, D  2q − 1} is the complete representatives of
O(K )/2qO(K ). Thus if x+ y ∈ R((qω) · b), we have
2qω(x+ y) = C + Dω + 2q(i + jω) (9)
for 0 C, D  2q − 1 and 0< x 1, 0 y < 1. Then (9) implies that
x = D
2q
− C + 2qi
4q(n − 1) + σ2(i) and y =
C + 2qi
4q(n − 1)
for i = 0,1,2, . . . , (2n − 3) and 0 C, D  2q − 1.
Moreover,




− C + 2qi











= (n − 1)(n −√n2 − 1 ),
(10) implies that
C ≡ 0 (mod 2).
This complete the proof of (d) 
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− A + qi





















− C + 2qi





where σ1 and σ2 are deﬁned in the previous lemma.
Proof. From (4), we deduce that for (x+ y) ∈ R((q)),
N
(
(q) · (x+ y))= NK (q(x+ y))≡ A2 + B2 + 2nAB (mod q). (11)
And (8) implies that for (x+ y) ∈ R((qω)),
N
(
(qω) · (x+ y))= −NK (qω(x+ y))≡ −A2 + B2(2n − 2) + AB(2n − 2) (mod q). (12)
Moreover, (5) implies that for (x+ y) ∈ R((q) · b),
N
(





+ nCD (mod q). (13)
Also by (9), we have for (x+ y) ∈ R((qω) · b)
N
(
(qω) · b · (x+ y))= −2NK (qω(x+ y))≡ −C2
2
+ (n − 1)D2 + (n − 1)CD (mod q). (14)
By (11)–(14), we can immediately prove above proposition. 
Finally, we have the following theorem.
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− (n − 1)D2 − (n − 1)CD
)
· (3uC,D(n)2 + (6q − 12D)uC,D(n)














12(1− n)CD − 12q(1+ n)(C + D)
















A2 + (2− 2n)B2 + (2− 2n)AB) · 4(3v A,B(n)2 + (3q − 12B)v A,B(n) + 3A2






A2 + B2 + 2nAB)(48(1− n)AB






















uC,D(n) = C − 2D(n − 1) + 2qsC,D(n),
v A,B(n) = A − 2B(n − 1) + qtA,B(n).







− C + 2qi







3C2 + 6CD − 6CDn − 6D2n + 6D2n2 − 6Cq − 6Dq + 6Dnq + 6q2






2 + (6q − 12D)uC,D (n) + 3C2 + 12CD + 12D2 − 12D2n
− 18Cq − 24Dq + 24Dnq + 12q2 − 8nq2), (15)






− A + qi







6A2 + 12AB − 12ABn − 12B2n + 12B2n2 − 6Aq − 6Bq + 6Bnq + 3q2






2 + (3q − 12B)v A,B(n) + 3A2 + 12AB + 12B2 − 12B2n
− 9Aq − 12Bq + 12Bqn + 3q2 − 2nq2). (16)












































12q(1− n)B − 6q(1+ n)(q + B) + 6n(q + B)2 + q2(2n + 3)). (20)
From (15)–(20) and Proposition 2.5, we obtain above theorem. 
Also by writing ζK (0,χ) = Aχ (n)48q2 for K = Q(
√
n2 − 1), where








− (n − 1)D2 − (n − 1)CD
)
· (3uC,D(n)2 + (6q − 12D)uC,D (n)














12(1− n)CD − 12q(1+ n)(C + D)
















A2 + (2− 2n)B2 + (2− 2n)AB) · 4(3v A,B(n)2 + (3q − 12B)v A,B(n) + 3A2
+ 12AB + 12B2 − 12B2n − 9Aq − 12Bq + 12Bqn + 3q2 − 2nq2)





A2 + B2 + 2nAB)(48(1− n)AB − 24q(1+ n)(A + B) + 24n(A + B)2








48q(1− n)B − 24q(1+ n)(q + B) + 24n(q + B)2 + 4q2(2n + 3)),
we have
Corollary 2.7. If h(n2 − 1) = 2 and n = qk + r for 0 r < q then
ζK (0,χ) = 1
48q2
(












− (r − 1)D2 − (r − 1)CD
)









































)(−48q2B − 24q2(q + B) + 24q(q + B)2 + 8q3).
Proof. We note that sC,D(qk + r) = Dk + sC,D(r), tC,D(qk + r) = 2Dk + tC,D(qk + r),uC,D(qk + r) =
uC,D(r) and vC,D(qk+ r) = vC,D(r). And from the fact that χ has a conductor q, we directly prove the
corollary. 
3. Proof of theorem
Let n2 −1 be a positive square free integer for even n and K = Q(
√
n2 − 1). Let q > 2 be an integer
with (q,4(n2 − 1)) = 1, χ an odd primitive character with conductor q, χD(·) = ( D· ) and Lχ the ﬁeld
generated over Q by the values χ(a) (1 a q). From [2], we know that



















By deﬁning mχ :=∑qa=1 aχ(a), we can rewrite Eq. (22) as follows









Also from [2], we know that 1
4q(n2−1)
∑4q(n2−1)
b=1 bχ(b)χ4(n2−1)(b) is an algebraic integer in Lχ . So if
we assume I is a prime ideal of Lχ for which mχ ∈ I , then
Bχ (r)k + Aχ (r) ≡ 0 (mod I).
Assume that the positive integers q and p satisfy the following condition:
Condition (∗). The integer q is odd, p is an odd prime, and there is an odd prime character χ with conductor
q and a prime ideal I of Lχ lying over p such that mχ ∈ I and the residue ﬁeld of I is the prime ﬁeld.
Then for r such that Bχ (r) /∈ I , we have
n ≡ −q Aχ (r)
Bχ (r)
+ r (mod I).
And if the residue ﬁeld of I is a prime ﬁeld, then there exists an unique T (r) ∈ {0,1,2, . . . , p − 1} for
each r with Bχ (r) /∈ I such that
−q Aχ (r)
Bχ (r)
+ r + I = T (r) + I.
Moreover
n ≡ T (r) (mod p). (23)
We will denote by q → p, if the integers q and p satisfy Condition (∗). In the Section 4 in [2], we
can ﬁnd that
175 → 61, 61 → 1861, 175 → 1861.
And we can deﬁne the functions T1(r), T2(r) and T3(r) as follows
−175 Aχ1 (r)
Bχ1 (r)
+ r + I1 = T1(r) + I1,
−61 Aχ2 (r)
Bχ2 (r)
+ r + I2 = T2(r) + I2,
−175 Aχ3 (r)
B (r)
+ r + I3 = T3(r) + I3,
χ3
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a175 ∈ U175 b61 c1861 d1861
±2 ±2 ±2 ±2
±7 ±21 ±1214 ±1805
±12 ±12 ±12 ±12
±23 ±38 ±286 ±637
±28 ±54 ±1277 ±412
±33 ±27 ±34 ±1005
±37 ±48 ±110 ±208
±42 ±12 ±12 ±347
±47 ±51 ±573 ±100
±58 ±18 ±1388 ±376
±63 ±35 ±696 ±1177
±68 ±0 ±0 ±1517
±72 ±12 ±12 ±262
±77 ±13 ±1751 ±1034
±82 ±17 ±709 ±943
±93 ±44 ±1152 ±918
where the characters and ideals χi and Ii are deﬁned in Examples 1–3 of Section 4 in [2], respectively
for i = 1,2,3. Hence the character denoted by χ3 here is the character denoted by χ1 in [2].
Let Um = {a ∈ Z | ( a2−1p ) = −1 for any prime p dividing m}. Now, we can ﬁnd the residue of n
modulo p such that n = qk + r and h(n2 − 1) = 2 using (23). Let a175 be an residue modulo 175 for
a175 with Bχ1 (a175) /∈ I1 and b61 be the residue modulo 61 such that
b61 = T1(a175).
And for b61 with Bχ2 (b61) /∈ I2 , let c1861 be the residue modulo 1861 for which
c1861 = T2(b61).
And let d1861 be the residue modulo 1861 for which
d1861 = T3(a175)
for a175 with Bχ3 (a175) /∈ I3. Then by computer work, we can check that if a175 ∈ U175 then
Bχ1 (a175) /∈ I1 and Bχ3 (a175) /∈ I3. So we can calculate T1(a175) and T3(a175) for a175 ∈ U175. Since
Bχ2 (b61) /∈ I2, we also can calculate T2(b61). Finally we obtain the following Table 1:
The following is a class number 2 criteria of Q(
√
n2 − 1) for even n which is needed to prove our
main theorem
Lemma 3.1. Let 4k2 − 1 be a square free with k > 1. Then h(4k2 − 1) = 2 if and only if 2k2 − 2t2 − 2t − 1
(0 t  k) are primes.
Proof. See [5]. 
From above Table 1 and Lemma 3.1, we can deduce that
Proposition 3.2. For even integer n ∈ U175 with n > 2016, we have h(n2 − 1) > 2.
Proof. By above Table 1, we can know that if n ≡ a175 (mod 175) with a175 ∈ U175 and a175 = ±2,±12,
then the residues c1861 and d1861 modulus 1861 corresponding to a175 are not equal. So
h
(
n2 − 1)> 2 for n ≡ ±2,±12 (mod 175) with n ∈ U175. (24)
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or 61l + 60, for an integer l. So if we take t0 = 34, then 2k2 − 2t20 − 2t0 − 1 is 61(122l2 + 4l − 39) or
61(122l2 + 240l + 79). So Lemma 3.1 implies that
h
(
n2 − 1)> 2 for n > 68 and n ≡ ±2 (mod 175). (25)
Also if n = 2k ≡ ±12 (mod 175) then we have n = 2k ≡ ±12 (mod 1861), by Table 1. So
the integer k is 1861l + 6 or 1861l + 1855, for some integer l. Hence if we take t0 = 1008 then




n2 − 1)> 2 for n > 2016 and n ≡ ±12 (mod 175). (26)
From (24)–(26), we complete the proof. 
We also can ﬁnd the upper bound of even n with n /∈ U175 and h(n2 − 2) = 2.
Proposition 3.3. h(n2 − 1) > 2, for even n such that n /∈ U175 and n > 20.
Proof. We note that 2k2 − 2t20 − 2t0 − 1 = 0 (mod p) if and only if (2k)2 − 1 − (2t0 + 1)2 = 0
(mod p), for odd prime p. So if n = 2k /∈ U175 then there exists an integer t0  0 such that
2k2 − 2t20 − 2t0 − 1 = 0 (mod 5) or 2k2 − 2t20 − 2t0 − 1 = 0 (mod 7). For example, if k = 5l + 2 for
integer l and t0 = 7 then 2k2 − 2t20 − 2t0 − 1 = 5(10l2 + 8l − 21) is not prime, since for any integer l,
10l2 + 8l − 21 = ±1.
Thus Lemma 3.1 implies that if k = 2 (mod 5) and k > 7 then h((2k)2 − 1) = 2. Applying this method,
we can prove other cases. 
We conclude this section with the proofs of Theorem 1.1 and Theorem 1.2.
Proof of Theorem 1.1. By Propositions 3.2, 3.3, we have
h
(
n2 − 1)> 2 for n > 2016,
where n2 − 1 is square free. And in [11], Mollin and Williams shows that if d = n2 − 1 is a square free
integer with n < 5000, then
h(d) = 2, only for d = 15,35,143.
By combining above two results, we prove the theorem. 
Proof of Theorem 1.2. From Theorem 1.2 of [4], we inform that for a even square free integer d =
n2 + 1,
h(d) = 2 if and only if d = 10,26,122,362.
Also, by Corollary 3.11 of [5], we know that for a square free integer d = n2 + 1 with d ≡ 1 modulo 8,
h(d) = 2 if and only if d = 65.
Hence Theorem 1.2 is a direct consequence of Theorem 1.1 and Theorem 1.2 of [4] and Corollary 3.11
of [5]. 
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In this section, we will provide the MATHEMATICA program to evaluate the values Ti(r) in Sec-
tion 3.
(The function f[x_,y_] computes the logarithm of x with base 2 modulo y. And g[x_,y_]
computes the logarithm of x with base 3 modulo y.)
f[x_, y_] := ( j = 0; m = Mod[x, y];
If [Mod[x, y] == 0, Return[0]];
While[ Mod[m, y] >1, m = Mod[m*2, y] ; j = j + 1];
Return[y - 1 - j]);
g[x_, y_] := (j = 0; m = Mod[x, y];
If[Mod[x, y] == 0, Return[0]];
While[ Mod[m, y] >1, m = Mod[m*3, y]; j = j + 1];
Return[y - 1 - j]);
g7[x_] := g[x, 7];
f25[x_] := (j = 0; m = Mod[x, 25];
If[ Mod[m, 5] == 0, Return[0]];
While[Mod[m, 25] >1, m = Mod[m*2, 25]; j = j + 1];
Return[20 - j]);
f61[x_] := f[x, 61];
(The function iv[x_,y] computes the multiplicative inverse of x modulo y.)
iv[x_, y_] := (
i = 1;
While[Mod[ i*x, y] >1, i++];
Return[i] );
(The functions chi[a_] computes χi(a) modulo Ii , for i = 1,2,3,4.)
ch1[a_] := (If [Mod[a, 5] == 0 || Mod[a, 7] == 0, Return[0]];
Return[Mod[PowerMod[8, f25[Mod[a, 25]], 61]*
PowerMod[47, g7[Mod[a, 7] ], 61], 61]]);
ch2[a_] := (If[Mod[a, 61] == 0, Return[0]];
Return[PowerMod[1833, f61[Mod[a, 61]], 1861]]);
ch3[a_] := (If [Mod[a, 5] == 0 || Mod[a, 7] == 0, Return[0]];
Return[Mod[PowerMod[380, f25[Mod[a, 25]], 1861]*
PowerMod[1406, g7[Mod[a, 7] ], 1861], 1861]]);
(The followings are needed to compute Aχi (r) and Bχi (r) modulo Ii .)
s[c_, d_, n_, q_] := -Floor[(c - 2(n - 1)d)/(2q)]
t[a_, b_, n_, q_] := -Floor[(a - 2(n - 1)b)/(q)]
u[c_, d_, n_, q_] := c - 2d(n - 1) + 2 q s[c, d, n, q]
v[a_, b_, n_, q_] := a - 2b(n - 1) + q t[c, d, n, q]
SA1[c_, d_, n_, q_] :=
3u[c, d, n, q]^2 + (6q - 12d)u[c, d, n, q] + 3c^2 + 12c d
+ 12 d^2 - 12d^2n - 18c q - 24d q + 24 d n q + 12q^2 - 8n q^2
SA2[c_, d_, n_, q_] :=
12(1 - n)c d - 12 q(1 + n)(c + d) + 6n(c + d)^2 + 4q^2(2n + 3)
SA3[c_, d_, n_, q_] :=
24 q(1 - n)d - 12 q (1 + n)(2q + d) + 6n(2q + d)^2 + 4q^2(2n + 3)
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+ 3a^2 + 12a b + 12 b^2 - 12b^2n - 9 a q - 12 b q + 12 b q n
+ 3 q^2 - 2n q^2)
SA5[a_, b_, n_, q_] := 48(1 - n)a b - 24q(1 + n)(a + b)
+ 24 n(a + b)^2 + 4q^2(2n + 3)
SA6[a_, b_, n_, q_] := 48 q (1 - n)b - 24q(1 + n)(q + b)
+ 24 n(q + b)^2 + 4q^2(2n + 3)
SB1[c_, d_, n_, q_] := -12d^2q + 24d q^2 - 8q^3
SB2[c_, d_, n_, q_] := -12 q c d - 12 q^2(c + d) + 6q(c + d)^2 + 8q^3
SB3[c_, d_, n_, q_] :=
-24 q^2 d - 12 q^2(2q + d) + 6q(2q + d)^2 + 8q^3
SB4[a_, d_, n_, q_] := (-12 b^2 q + 12 b q^2 - 2 q^3) 4
SB5[a_, b_, n_, q_] :=
-48q a b - 24 q^2(a + b) + 24q(a + b)^2 + 8q^3
SB6[a_, b_, n_, q_] :=
-48 q^2b - 24 q^2(q + b) + 24 q (q + b)^2 + 8q^3
(The functions RAi[a_] and RBi[a_] computes Aχi (a) and Bχi (a) modulo Ii respectively, where q
is the conductor for the character χi for i = 1,2,3,4.)
RA1[q_, n_] :=
-Mod[Sum[Mod[Sum[Mod[ch1[2 c^2 - (n - 1) d^2 - 2(n - 1) c d]*
SA1[2c, d, n, q], 61], {c, 0, q - 1}], 61], {d, 0, 2q - 1}], 61]
+Mod[Sum[Mod[Sum[Mod[ch1[2c^2 + 2d^2 + 4 n c d]*SA2[2c, 2d, n, q],
61], {c, 1, q - 1}], 61], {d, 0, q - 1}], 61]
+Mod[Sum[Mod[Sum[Mod[ch1[2c^2 + 2d^2 + 2c + 2d + 1+
n(2c + 1)(2d + 1)]*SA2[2c + 1, 2d + 1, n, q], 61],
{c, 0, q - 1}], 61], {d, 0, q - 1}], 61]
+Mod[Sum[Mod[ch1[2 d^2] SA3[0, 2 d, n, q], 61], {d, 0, q - 1}], 61]
-Mod[Sum[Mod[Sum[Mod[ch1[a^2 + (2 - 2n)b^2 + (2 - 2n)a b]
SA4[a, b, n, q], 61], {a, 0, q - 1}], 61], {b, 0, q - 1}], 61]
+Mod[Sum[Mod[Sum[Mod[ch1[a^2 + b^2 + 2n a b]*SA5[a, b, n, q],
61], {a, 1, q - 1}], 61], {b, 0, q - 1}], 61]
+Mod[Sum[Mod[ch1[b^2]SA6[0, b, n, q], 61], {b, 0, q - 1}], 61]
RB1[q_, n_] :=
-Mod[Sum[Mod[Sum[Mod[ch1[2 c^2 - (n - 1) d^2 - 2(n - 1) c d]*
SB1[2c, d, n, q], 61], {c, 0, q - 1}], 61], {d, 0, 2q - 1}],
61]
+Mod[Sum[Mod[Sum[Mod[ch1[2c^2 + 2d^2 + 4 n c d]*
SB2[2c, 2d, n, q], 61], {c, 1, q - 1}], 61], {d, 0, q - 1}],
61]
+Mod[Sum[Mod[Sum[
Mod[ch1[2c^2 + 2d^2 + 2c + 2d +1+ n(2c + 1)(2d + 1)]*
SB2[2c + 1, 2d + 1, n, q], 61], {c, 0, q - 1}], 61],
{d, 0, q - 1}], 61]
+Mod[Sum[Mod[ch1[2 d^2] SB3[0, 2 d, n, q], 61], {d, 0, q - 1}], 61]
-Mod[Sum[Mod[Sum[Mod[ch1[a^2 + (2 - 2n)b^2 + (2 - 2n)a b]SB4[a, b,
n, q], 61], {a, 0, q - 1}], 61], {b, 0, q - 1}], 61]
+Mod[Sum[Mod[Sum[Mod[ch1[a^2 + b^2 + 2n a b]*SB5[a, b, n, q], 61],
{a, 1, q - 1}], 61], {b, 0, q - 1}], 61]
+Mod[Sum[Mod[ch1[b^2]SB6[0, b, n, q], 61], {b, 0, q - 1}], 61]
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-Mod[Sum[Mod[Sum[Mod[ch2[2 c^2 - (n - 1) d^2 - 2(n - 1) c d]*
SA1[2c, d, n, q], 1861], {c, 0, q - 1}], 1861],
{d, 0, 2q - 1}], 1861]
+Mod[Sum[Mod[Sum[Mod[ch2[2c^2 + 2d^2 + 4 n c d]*SA2[2c,
2d, n, q], 1861], {c, 1, q - 1}], 1861], {d, 0, q - 1}], 1861]
+Mod[Sum[Mod[
Sum[Mod[ch2[2c^2 + 2d^2 + 2c + 2d +1+ n(2c + 1)(2d + 1)]*
SA2[2c + 1, 2d + 1, n, q], 1861], {c, 0, q - 1}], 1861], {d, 0,
q - 1}], 1861]
+Mod[Sum[Mod[ch2[2 d^2] SA3[0, 2 d, n, q], 1861], {d, 0, q - 1}],
1861]
-Mod[Sum[Mod[Sum[Mod[ch2[a^2 + (2 - 2n)b^2 + (2 - 2n)a b]
SA4[a, b, n, q], 1861], {a, 0, q - 1}], 1861], {b, 0, q - 1}],
1861]
+Mod[Sum[Mod[Sum[Mod[ch2[a^2 + b^2 + 2n a b]*SA5[a, b, n,
q], 1861], {a, 1, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod[Sum[Mod[ch2[b^2]SA6[0, b, n, q], 1861], {b, 0, q - 1}], 1861]
RB2[q_, n_] :=
-Mod[ Sum[Mod[Sum[Mod[ch2[2 c^2 - (n - 1) d^2 - 2(n - 1) c d]*
SB1[2c, d, n, q], 1861], {c, 0, q - 1}], 1861],
{d, 0, 2q - 1}], 1861]
+Mod[Sum[Mod[Sum[Mod[ch2[2c^2 + 2d^2 + 4 n c d]*SB2[2c,
2d, n, q], 1861], {c, 1, q - 1}], 1861], {d, 0, q - 1}], 1861]
+Mod[Sum[Mod[Sum[Mod[ch2[2c^2 + 2d^2 + 2c +
2d +1+ n(2c + 1)(2d + 1)]*SB2[2c + 1, 2d + 1, n, q], 1861],
{c, 0, q - 1}], 1861], {d, 0, q - 1}], 1861]
+Mod[Sum[Mod[ch2[2 d^2] SB3[0, 2 d, n, q], 1861], {d, 0, q - 1}],
1861]
-Mod[Sum[Mod[Sum[Mod[ch2[a^2 + (2 - 2n)b^2 + (2 - 2n)a b]SB4[a,
b, n, q], 1861], {a, 0, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod[Sum[Mod[Sum[Mod[ch2[a^2 + b^2 + 2n a b]*SB5[a, b, n, q],
1861], {a, 1, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod[Sum[Mod[ch2[b^2]SB6[0, b, n, q], 1861], {b, 0, q - 1}], 1861]
RA3[q_, n_] :=
-Mod[Sum[Mod[Sum[Mod[ch3[2 c^2 - (n - 1) d^2 - 2(n - 1) c d]*
SA1[2c, d, n, q],1861], {c, 0, q - 1}], 1861], {d, 0, 2q - 1}],
1861]
+Mod[Sum[Mod[Sum[Mod[ch3[2c^2 + 2d^2 + 4 n c d]*SA2[2c,
2d, n, q], 1861], {c, 1, q - 1}], 1861], {d, 0, q - 1}], 1861]
+Mod[Sum[Mod[
Sum[Mod[ch3[2c^2 + 2d^2 + 2c + 2d +1+ n(2c + 1)(2d + 1)]*
SA2[2c + 1, 2d + 1, n, q], 1861], {c, 0, q - 1}], 1861],
{d, 0, q - 1}], 1861]
+Mod[Sum[Mod[ch3[2 d^2] SA3[0, 2 d, n, q], 1861], {d, 0, q - 1}],
1861]
-Mod[Sum[Mod[Sum[Mod[ch3[a^2 + (2 - 2n)b^2 + (2 - 2n)a b]
SA4[a, b, n, q], 1861], {a, 0, q - 1}], 1861], {b, 0, q - 1}],
1861]
+Mod[Sum[Mod[Sum[Mod[ch3[a^2 + b^2 + 2n a b]*SA5[a, b, n,
q], 1861], {a, 1, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod[Sum[Mod[ch3[b^2]SA6[0, b, n, q], 1861], {b, 0, q - 1}], 1861]
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-Mod[ Sum[Mod[Sum[Mod[ch3[2 c^2 - (n - 1) d^2 - 2(n - 1) c d]*
SB1[2c, d, n, q],1861], {c, 0, q - 1}], 1861], {d, 0, 2q - 1}],
1861]
+Mod[Sum[Mod[Sum[Mod[ch3[2c^2 + 2d^2 + 4 n c d]*SB2[2c,
2d, n, q], 1861], {c, 1, q - 1}], 1861], {d, 0, q - 1}], 1861]
+Mod[Sum[Mod[
Sum[Mod[ch3[2c^2 + 2d^2 + 2c + 2d +1+ n(2c + 1)(2d + 1)]*
SB2[2c + 1, 2d + 1, n, q], 1861], {c, 0, q - 1}], 1861],
{d, 0, q - 1}], 1861]
+Mod[Sum[Mod[ch3[2 d^2] SB3[0, 2 d, n, q], 1861], {d, 0, q - 1}],
1861]
-Mod[Sum[Mod[Sum[Mod[ch3[a^2 + (2 - 2n)b^2 + (2 - 2n)a b]SB4[a,
b, n, q], 1861], {a, 0, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod[Sum[Mod[Sum[Mod[ch3[a^2 + b^2 + 2n a b]*SB5[a, b, n, q],
1861], {a, 1, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod[Sum[Mod[ch3[b^2]SB6[0, b, n, q], 1861], {b, 0, q - 1}], 1861]
(The functions Ti[r_] compute Ti(r), for i = 1,2,3.)
T1[r_] := Mod[-RA1[175, r]*175*iv[RB1[175, r], 61] + r, 61];
T2[r_] := Mod[-RA2[61, r]*61*iv[RB2[61, r], 1861] + r, 1861];
T3[r_] := Mod[-RA3[175, r]*175*iv[RB3[175, r], 1861] + r, 1861];
(The following are the results for our Table 1.)
Print[{T1[2], T1[7], T1[12], T1[23], T1[28], T1[33], T1[37], T1[42],
T1[47], T1[58], T1[63], T1[68], T1[72], T1[77], T1[82], T1[93]}]
{2, 21, 12, 38, 54, 27, 48, 12, 51, 18, 35, 0, 12, 13, 17, 44}
Print[{T2[2], T2[21], T2[12], T2[38], T2[54], T2[27], T2[48], T2[12],
T2[51], T2[18], T2[35], T2[0], T2[12], T2[13], T2[17], T2[44]}]
{2, 1214, 12, 286, 1277, 34, 110, 12, 573, 1388, 696, 0,
12, 1751, 709, 1152}
Print[{T3[2], T3[7], T3[12], T3[23], T3[28], T3[33], T3[37], T3[42],
T3[47], T3[58], T3[63], T3[68], T3[72], T3[77], T3[82], T3[93]}]
{2, 1805, 12, 637, 412, 1005, 208, 347, 100, 376, 1177, 1517, 262,
1034, 943, 918}
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